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GEODESIC ORBIT RIEMANNIAN STRUCTURES ON Rn
CAROLYN S. GORDON AND YURI˘I G. NIKONOROV
Abstract. A geodesic orbit manifold is a complete Riemannian manifold all of whose
geodesics are orbits of one-parameter groups of isometries. We give both a geometric and
an algebraic characterization of geodesic orbit manifolds that are diffeomorphic to Rn.
Along the way, we establish various structural properties of more general geodesic orbit
manifolds.
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1. Introduction
A complete Riemannian manifold (M,g) is said to be a geodesic orbit manifold, abbre-
viated G.O. manifold, if every geodesic is an orbit of a one-parameter group of isometries.
G.O. manifolds are necessarily homogeneous. Among their nice geometric properties,
every G.O. manifold is a “D’Atri space”, i.e., the local geodesic symmetries are volume
preserving up to sign (see [20]). While the G.O. property results in strong restrictions both
on the structure of the isometry group and on the geometry, the class of G.O. manifolds is
nonetheless large enough to admit many interesting classes of homogeneous Riemannian
metrics. We refer to [21], [4], and [24] for expositions on general properties of geodesic
orbit Riemannian manifolds and historical surveys.
The primary goal of this article is to study both the geometry and the symmetry prop-
erties of G.O. manifolds that are diffeomorphic to Rn. Our main results, included in The-
orems 3.2 and 3.3, are summarized in Theorem 1.1. First recall that a simply-connected
nilpotent Lie group with a left-invariant metric is called a Riemannian nilmanifold. By a
result of [17], every G.O. nilmanifold has step size at most two.
Theorem 1.1. Let (M,g) be a G.O. manifold diffeomorphic to Rn. Then:
(1) (M,g) is the total space of a Riemannian submersion pi :M → P , where the base
space P is a Riemannian symmetric space of noncompact type. The fibers are
totally geodesic and are isometric to a G.O. nilmanifold (N, g) of step size at most
two.
(2) M admits a simply-transitive solvable group of isometries of the form S×N where
S is an Iwasawa subgroup of a semisimple Lie group and N is the group in (1).
Some of our additional results include:
• We correct an error in [17], Theorem 1.15. Let (M,g) be a G.O. manifold and
let Isom(M,g) be its full isometry group. In [17], the first author incorrectly
asserted that if G is any transitive subgroup of Isom(M,g) with the property
that every geodesic in M is an orbit of a one-parameter subgroup of G, then
Lev(G)Nil(G) acts transitively on M , where Lev(G) and Nil(G) are a semisimple
Levi factor and the nilradical of G, respectively. The second author [24] recently
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gave a counterexample. Theorem 3.1 proves a slightly weakened version of the
statement in [17].
• Proposition 3.2 gives a new result concerning G.O. nilmanifolds.
The remainder of these introductory remarks partially reviews the history of G.O. man-
ifolds and provides some context for our results.
The naturally reductive homogeneous Riemannian manifolds (among which are all the
Riemannian symmetric spaces) were the first large class of Riemannian manifolds known
to have the geodesic orbit property. Recall that a Riemannian manifold (M,g) is nat-
urally reductive if it admits a transitive Lie group G of isometries with a bi-invariant
pseudo-Riemannian metric g0 that induces the metric g on M = G/H; see [11]. In 1984,
A. Kaplan [19] gave the first example of a non-naturally reductive Riemannian manifold
that exhibits the geodesic orbit property. The terminology “G.O. manifold” was first
introduced in 1991 by O. Kowalski and L. Vanhecke [21]. Since that time, a number
of additional interesting classes of metrics have been shown to have the G.O. property.
J. Berndt, O. Kowalski, and L. Vanhecke [10] showed that all weakly symmetric spaces are
G.O. manifolds. The weakly symmetric spaces, introduced by A. Selberg [25], have the
defining property that any two points can be interchanged by an isometry; these mani-
folds are closely related to spherical spaces, commutative spaces, and Gel’fand pairs. (See
[3, 30, 29].) Another subclass of G.O. manifolds are the generalized normal homogeneous
Riemannian manifolds, also called δ-homogeneous manifolds. All metrics from this sub-
class are of non-negative sectional curvature (see [6, 7, 9]). The Clifford–Wolf homogeneous
Riemannian manifolds are among the generalized normal homogeneous manifolds [8].
On the other hand, the G.O. condition is quite demanding. For example, the only
G.O. manifolds of negative Ricci curvature are the noncompact Riemannian symmetric
spaces [17]. G.O. metrics have been classified among all metrics in various settings, e.g.
on spheres [23], on flag manifolds [1] and, more generally, on manifolds with positive Euler
characteristic [2], and among metrics that fiber over irreducible symmetric spaces [27].
The article [17] shows that the G.O. condition imposes a number of structural conditions
on the full isometry group of the metric.
Various constructions of geodesics that are orbits of one-parameter isometry groups,
and interesting properties of geodesic orbit metrics can be found in [12, 15, 22, 26, 32]
and in the references therein. For generalizations to pseudo-Riemannian manifolds, see
[5, 13, 14] and the references therein; for generalizations to Finsler manifolds, see [31].
The paper is organized as follows: In Section 2, we provide the needed background on
Riemannian homogeneous spaces. We turn to G.O. manifolds and prove our main results
in Section 3.
2. Background on Riemannian homogeneous spaces
Throughout both this section and the next, all manifolds will be assumed to be con-
nected. In this section, we review some elementary properties of isometry groups of ho-
mogeneous Riemannian manifolds.
Let (M,g) be a connected homogeneous Riemannian manifold and let Isom(M,g) be its
full isometry group. Let G be a closed connected transitive subgroup of Isom(M,g). Since
Isom(M,g) and thus G act effectively on M , the isotropy subgroup H of G at a chosen
base point o of M has trivial intersection with the center C(G). The mapping G → M
given by a 7→ a(o) induces a diffeomorphism G/H → M . Via this identification, we may
view g as a Riemannian metric on G/H. The metric is left-invariant; i.e., for a ∈ G, the
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left-translation La : G → G induces an isometry (G/H, g) → (G/H, g). We denote this
isometry by La : G/H → G/H.
Notation and Remarks 2.1. (1) We will always denote the Lie algebra of a Lie group
by the corresponding fraktur letter.
(2) For G/H as above, the Killing form Bg is negative-definite on h and thus we can
write
g = h⊕m, (2.1)
vector space direct sum, where m is the orthogonal complement of h relative to the Killing
form Bg. Observe that m is an AdG(H)-invariant subspace of g and can be identified with
the tangent space ToM at the base point o = eH. The Riemannian metric g corresponds
to an Ad(H)-invariant inner product geH = 〈·, ·〉 on m. Let O(m, 〈·, ·〉) denote the group
of orthogonal transformations of m.
(3) If Φ is an automorphism of G that normalizes H, then Φ induces a well-defined
diffeomorphism Φ of G/H (and hence of M) by Φ(aH) = Φ(a)H. We write
Autorth(G/H, g) = {Φ : Φ ∈ Aut(G), Φ(H) = H, andΦ∗eH ∈ O(m, 〈·, ·〉)}
where Φ∗ is the differential of Φ.
For completeness, we include the proof of the following elementary and well-known
result.
Lemma 2.1. Autorth(G/H, g) consists of isometries of (G/H, g) and forms the isotropy
subgroup at o of the normalizer of G in Isom(G/H, g).
Proof. The automorphism property of Φ implies that
Φ ◦ La = LΦ(a) ◦Φ
for all a ∈ G. Thus
Φ∗aH = (LΦ(a))∗eH ◦Φ∗eH ◦ (La)
−1
∗aH .
Since the left translations are isometries, it follows that Φ preserves the metric g, i.e.,
Φ ∈ Isom(G/H, g). Trivially, Φ lies in the isotropy group at o = eH.
If τ ∈ Isom(G/H, g) normalizes G and fixes o, then conjugation by τ in Isom(G/H, g)
restricts to an automorphism Φ of G normalizing H, and one easily checks that τ = Φ.
We will be primarily interested in those Φ ∈ Autorth(G/H, g) such that Φ is an inner au-
tomorphism. For a ∈ G, let Ia = La ◦Ra ∈ Inn(G) be the associated inner automorphism,
where Ra(x) = xa
−1. Suppose that a normalizes H so that Ia is well-defined. Since g is
left-invariant, we have that Ia ∈ Isom(G/H, g) if and only if Ra ∈ Isom(G/H, g). If h ∈ H,
then Rh is trivial and thus Ih = Lh. In particular, Autorth(G/H, g) ∩ G = H, under the
identification of elements a of G with isometries La of G/H. We now examine those inner
automorphisms that give rise to elements of Autorth(G/H, g) that are not already in G.
Let NG(H) denote the normalizer of H and let
W = {a ∈ NG(H) : Ia ∈ Autorth(G/H, g)}. (2.2)
Lemma 2.2.
We use Notation 2.1.
(1) The Lie algebra Ng(h) of NG(H) is the normalizer of h in g and satisfies
Ng(h) = h+ (Ng(h) ∩m) = h+ Cm(h)
where Cm(h) is the centralizer of h in m.
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(2) [Cm(h),m] ⊂ m and Cm(h) is a subalgebra of g.
(3) The group W in Equation (2.2) has Lie algebra
w = h + (w ∩ m) = h + {Y ∈ Cm(h) : ad(Y )|m is skew-symmetric}. In particular,
w is compactly embedded in g.
(4) w∩m is a subalgebra of g and can be decomposed into a direct sum of subalgebras
w ∩m = C(g)⊕ f for some f, where C(g) is the center of g.
Proof. 1) Since m is AdG(H)-invariant, we have [h,m] < m. Hence Nm(h) = Cm(h)
and (1) follows.
2) Let X ∈ Cm(h) and Y ∈ m. For all A ∈ h, we have
0 = Bg([X,A], Y ) = −Bg(A, [X,Y ]).
Recalling Notation 2.1, it follows that [Cm(h),m] ⊂ m. This proves the first statement and
the second statement is then immediate.
3) By Lemma 2.1, we have
W = {a ∈ NG(H) : Ia ∈ O(m, 〈·, ·〉)}
and thus
w = {X ∈ Ng(h) : ad(X)|m is skew-symmetric}.
(3) now follows from (1).
4) The fact that w ∩m is a subalgebra of g is immediate from (2). By the definition of
m in Notation 2.1(ii) and the fact that the Killing form is negative-definite on h, we see
that C(g) < m. Since w∩m is compactly embedded in g, it is completely reducible. Thus
there exists a (w ∩m)-ideal complementary to the ideal C(g).
Proposition 2.1. In the notation of Lemma 2.2, let F be the connected subgroup of W
with Lie algebra f, and let D := F ∩ C(G). Let
InnF = {Ia : a ∈ F} < Autorth(G/H, g).
Then:
(1) The group G× F acts isometrically on (G/H, g) via the action
ρ(a, b) = La(a) ◦Ra(b).
Letting ∆ : F → G × F be the diagonal embedding ∆(x) = (x, x), the effective
kernel of the action ρ is discrete and is given by ∆(D) = {(d, d) : d ∈ D}. Thus ρ
gives rise to an effective action, again denoted by ρ of (G×F )/∆(D) on (G/H, g).
(2) (G× F )/∆(D) = G⋊ InnF < Isom(G/H, g).
(3) Let i : G→ G× F be the inclusion x 7→ (x, e). The isotropy subgroup of (G × F )
at o = eH is given by i(H)∆(F ). (Note that for a ∈ F , we have ρ(a, a) = Ia.)
(4) Let u be a subalgebra of g and v a subalgebra of f such that g = h + u + v (with
possibly non-trivial intersections) and let U and V be the corresponding connected
subgroups of G and F , respectively. Then the subgroup U × V of G × F acts
transitively on G/H via the action ρ.
Proof. Statements (1)–(3) are standard and follow easily from Lemma 2.2. For (4),
the subgroup Ĝ := G × V of G × F acts transitively on G/H with isotropy subgroup
Ĥ := i(H)∆(V ), where ∆(V ) = {(a, a) : a ∈ V }. The corresponding Lie algebras satisfy
ĝ = g × v and ĥ = (h × {0}) + ∆∗(v). Since (v × {0}) + ∆∗(v) = ({0} × v) + ∆∗(v), we
have
(u× v) + ĥ = ((h+ u+ v)× {0}) + ∆∗(v) = ĝ.
It follows that Ĝ = (U × V )Ĥ and thus U × V acts transitively on Ĝ/Ĥ = G/H.
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We now consider the case in which the Lie algebra w coincides with the full normalizer
of h in g. Equivalently, Cm(h) = C(g) + f.
Corollary 2.1. We use the notation of Lemma 2.2 and Propostion 2.1. Suppose that
ad(Y )|m is skew-symmetric for all Y ∈ Cm(h). Let Lev(G) be a semisimple Levi factor
of G and Nil(G) the nilradical of G. Set U = Lev(G)Nil(G). (Since all semisimple
Levi factors are conjugate via elements of the nilradical, U is independent of the choice
of Lev(G).) Letting C(F ) denote the center of F , then U × C(F ) acts transitively and
isometrically via ρ on (G/H, g). The solvable radical of U × C(F ) is the nilpotent Lie
group Nil(G) ×C(F ).
Proof. Since adg(h) acts fully reducibly on m, we have m = Cm(h) + [h,m]. Thus the
hypothesis and Lemma 2.2 imply that
g = h+ C(g) + f+ [h,m]. (2.3)
For any Lie algebra k, we have [k, k] < Lev(k) + Nil(k) where Lev(k) and Nil(k) are a
semisimple Levi factor and the nilradical of u, respectively. Since f is a compact Lie
algebra, we have f = [f, f] + C(f) < [g, g] + C(f). The center C(g) lies in Nil(g). Thus
Equation (2.3) implies that
g = h+ Lev(g) + Nil(g) + C(f).
The corollary now follows from Proposition 2.1.
We conclude this section by reviewing some structural results.
Lemma 2.3. Let g be a Lie algebra and let l be a maximal compactly embedded subalgebra
of g. There exists a Levi decomposition g = Lev(g) + Rad(g) such that:
(1) l = (l ∩ Rad(g))⊕ (l ∩ Lev(g));
(2) l ∩ Rad(g) is abelian and commutes with Lev(g). Thus
Lev(g) + l = Lev(g) + (l ∩ Rad(g)) is a reductive subalgebra of g.
(3) [l, l] ⊂ Lev(g) and l ∩ Lev(g) is a maximal compact subalgebra in Lev(g).
See e. g. Lemma 14.3.3 in [18].
Definition 2.1. Let G/H be a connected Riemannian homogeneous manifold. We will say
that a semisimple Levi factor Lev(g) is compatible with h if Lev(g) satisfies the conclusions
of Lemma 2.3 relative to some maximal compactly embedded subalgebra l of g containing h.
We will also say that the corresponding Levi factor Lev(G) of G is compatible with H and
that (Lev(g), h, l) is a compatible triple.
3. The main results
As discussed in the Introduction, a Riemannian manifold is said to be a G.O. manifold
if every geodesic is the orbit of a one-parameter group of isometries. In the literature,
there is often a distinction made between the language G.O. manifold and G.O. space.
Notation 3.1. A Riemannian homogeneous space expressed in the form (G/H, g), where g
is a left-invariant Riemannian metric on G/H, is said to be a G.O. space if every geodesic
is the orbit of a one-parameter subgroup of G.
Every G.O. manifold (M,g) has a (not necessarily unique) realization G/H as a G.O.
space. One can choose G = Isom(M,g) for example.
We use the notation introduced in the previous section. In particular, given a homoge-
neous space expressed in the form (G/H, g) where g is a left-invariant Riemannian metric
on G/H, we let m denote the orthogonal complement of h in g relative to the Killing form
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of g. By [·, ·] we denote the Lie bracket in g, and by [·, ·]m its m-component with respect
to the decomposition g = h + m. We recall a well-known criterion for (G/H, g) to be
a geodesic orbit space.
Lemma 3.1 ([21]). (G/H, g) is a geodesic orbit space if and only if for each X ∈ m there
exists Z ∈ h such that 〈[X +Z, Y ]m,X〉 = 0 for all Y ∈ m where 〈·, ·〉 is the inner product
on m defined by g.
Lemma 3.2. Suppose that (G/H, g) is a geodesic orbit space. Then for all Y ∈ Cm(h),
the endomorphism adg(Y ) leaves m invariant and adg(Y )|m is skew-symmetric .
Lemma 3.2 is immediate from Lemma 3.1 since [Z, Y ] = 0 in the notation of the lemmas.
The following well-known lemma is also an elementary consequence of Lemma 3.1.
Lemma 3.3. Let (G/H, g) be a Riemannian G.O. space, and let Q be a connected Lie
subgroup of G normalized by H. Then the submanifold Q/(H ∩ Q) (= QH/H) is totally
geodesic and is itself a G.O. manifold.
Remark 3.1. Let M be a homogeneous manifold. When expressingM in the form G/H,
we typically assume that G acts effectively on G/H, i.e., that H contains no non-trivial
normal subgroups of G. There are occasions, however, when it is convenient to relax that
assumption. In Lemma 3.3, the action of QH on QH/H need not be effective. QH/H
is a realization of the indicated submanifold as a (possibly non-effective) G.O. space. Of
course, one can always obtain an effective realization as a G.O. space by dividing out by
the effective kernel.
3.1. Structural resuls.
Theorem 3.1. Let (M,g) be a connected Riemannian geodesic orbit manifold and let
G/H be a realization of M as a geodesic orbit space. Let Lev(G) be a semisimple Levi
factor of G, let Nil(G) be the nilradical of G, and define the subgroup F of the normalizer
of G in Isom(M,g) and the action ρ of G × F on M as in Proposition 2.1. Let R :=
Lev(G)Nil(G) × C(F ) < G× F where C(F ) is the center of F . Then R acts transitively
and isometrically on M via ρ. The radical Nil(G)×C(F ) of R is nilpotent of step size at
most two.
Proof. The fact that R acts transitively and isometrically on (M,g) is immediate from
Corollary 2.1 and Lemma 3.2. It remains to be shown that the nilradical has step size
at most two. By Lemma 3.3, Nil(G) is a G.O. nilmanifold. By Theorem 2.2 of [17],
every G.O. nilmanifold is at most 2-step nilpotent. Since C(F ) is abelian, it follows that
Nil(G) × C(F ) is at most 2-step nilpotent.
Remark 3.2. Theorem 1.15(i) in [17] claims, under the same hypotheses as Theorem 3.1,
that Lev(G)Nil(G) acts transitively on the geodesic orbit manifold M . As noted in the
Introduction, this assertion is not true in full generality (see e. g. Examples 4 and 5 in [24]).
On the other hand it is valid for naturally reductive metrics, see Theorem 3.1 in [16].
Theorem 3.1 provides a correction to the version in [17] for arbitrary G.O. manifolds.
Proposition 3.1. Let (G/H, g) be a connected Riemannian G.O. space and let Lev(G) be
any Levi factor of G. Then the noncompact part Lev(G)nc of Lev(G) is a normal subgroup
of G, i.e. Lev(G)nc commutes with Rad(G).
This Proposition is asserted in [17], although the proof is not included there. The proof
in the naturally reductive case is given in [16]. For completeness, we include the proof of
the proposition here.
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Proof. Write g = h + m as above and note that Nil(g) < m. Let o be the subalgebra
of g defined by
o = {Y ∈ g | ad(Y )|Nil(g) is skew-symmetric}. (3.1)
(Here skew-symmetry is with respect to the inner product 〈·, ·〉 on m.) We first show that
g = o+Nil(g). (3.2)
Let p be the orthogonal complement to Nil(g) in m and let Y ∈ p. Given X ∈ Nil(g), let
Z ∈ h satisfy the conclusion of Lemma 3.1. We have
〈[Y,X], X〉 = 〈[Y,X + Z], X〉 = 0,
where the first equation follows from the fact that [h, p] < p and the second equation is
Lemma 3.1. Thus p < o. Since trivially h < o, Equation (3.2) follows.
We next show that o contains a semisimple Levi factor of g. Let pi : g→ s := g/Rad(g)
be the homomorphic projection. By Equation (3.2) and the fact that Nil(g) < Rad(g),
we have pi(o) = s. Since the Lie algebra s is semisimple, Levi’s Theorem (see e.g. Theo-
rem 5.6.6 in [18]), yields a homomorphism ϕ : s → o such that pi ◦ ϕ = Ids. The image
of ϕ is the desired Levi factor L˜ev(g).
Let L˜ev(g)nc be the noncompact part of L˜ev(g). The map Y 7→ ad(Y )|Rad(g) is a rep-
resentation of L˜ev(g)nc which acts by semisimple endomorphisms on the invariant sub-
space Nil(g). Since the only representation of a semisimple Lie algebra of noncompact
type by skew-symmetric endomorphisms is the trivial representation, we conclude that
[L˜ev(g)nc,Nil(g)] = 0. Finally since [L˜ev(g)nc,Rad(g)] < Nil(g) and since every represen-
tation of a semisimple Lie algebra is completely reducible, we have [L˜ev(g)nc,Rad(g)] = 0.
In particular, L˜ev(g)nc is normal in G.
Finally, any semisimple Levi factor Lev(g) is conjugate to L˜ev(g) via an element of
Nil(g). Hence Lev(g)nc = L˜ev(g)nc by normality of L˜ev(g)nc in G.
By Lemma 3.3, if G/H is a G.O. space, then Nil(G) is a G.O. nilmanifold. We next
discuss some properties of G.O. nilmanifolds.
Lemma 3.4 ([28]). Let (N, g) be a Riemannian nilmanifold and 〈·, ·〉 the associated inner
product on the Lie algebra n. Then Isom(N, g) = N ⋊H, where H = Autorth(N, g). (See
Notation 2.1.) Thus the full isometry algebra of (N, g) is the semi-direct sum n+h, where h
is the space of skew-symmetric derivations of (n, 〈·, ·〉).
Notation and Remarks 3.1. Let (N, g) be a two-step Riemannian nilmanifold. In the
notation of Lemma 3.4, write n = v + z where z is the center of n and v = z⊥ relative to
〈·, ·〉. Note that each skew-symmetric derivation in h leaves each of v and z invariant.
Proposition 3.2. Suppose that (N, g) is a G.O. nilmanifold, 〈·, ·〉 the associated inner
product on n, and h the space of skew-symmetric derivations of (n, 〈·, ·〉). We use the
notation of 3.1.
(1) Let v = v1⊕· · ·⊕vk be an orthogonal decomposition of v into h-invariant subspaces.
Then [vi, vj] = {0} for all i 6= j. In particular, vi + [vi, vi] is an ideal in n for
each i. (These ideals are not disjoint in general; their derived algebras may overlap
or even coincide.)
(2) Every h-invariant subalgebra of n is an ideal.
Proof. (1) It suffices to show that if v1 is an h-invariant subspace, then [v1, v⊖v1] = {0}.
Let X ∈ v1 and W ∈ z. By Lemma 3.1, there exists A ∈ h such that
〈[X +W +A,Y ],X +W 〉 = 0
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for all Y ∈ n. Equivalently, since W is central in n and X ⊥ [n, n], we have
〈[X,Y ],W 〉+ 〈[A,Y ],X +W 〉 = 0.
For Y ∈ v ⊖ v1, the second term vanishes, so 〈[X,Y ],W 〉 = 0 for all W ∈ z. Hence,
[X,Y ] = 0 and (1) follows.
(2) Let o be an h-invariant subalgebra of n. Let pi : n→ v be the orthogonal projection
with kernel z and let v1 = pi(o). Since both o and v are h-invariant, so is v1. Noting that
[X,Y ] = [pi(X), pi(Y )] for all X,Y ∈ n, we have
[n, o] = [v, v1] = [v1, v1] = [o, o] < o
where the second equality follows from (1).
3.2. G.O. manifolds that are diffeomorphic to Rn.
Notation and Remarks 3.2. Recall that if U is a connected semisimple Lie group of
noncompact type and K < U a subgroup such that k is a maximal compactly embedded
subalgebra of U , then U admits an Iwasawa decomposition U = KS, where S is a simply-
connected solvable Lie group and K ∩ S is trivial. We will say that a solvable Lie group
is an Iwasawa group if it is a solvable Iwasawa factor of some semisimple Lie group U . In
this case, U/K with a left-invariant Riemannian metric is a Riemannian symmetric space.
Theorem 3.2. Let (M,g) be an n-dimensional simply-connected G.O. manifold. Then
the following are equivalent:
(i) (M,g) is a Riemannian solvmanifold; i.e., it admits a simply-transitive solvable
group of isometries.
(ii) M is diffeomorphic to Rn.
(iii) In the notation of 3.2, there exists an Iwasawa group S, a simply connected nilpo-
tent Lie group N commuting with S, and a left-invariant metric h on S × N so
that (S ×N,h) is isometric to (M,g). N is at most 2-step nilpotent.
Remark 3.3. Every n-dimensional simply-connected solvable Lie group is diffeomorphic
to Rn, so the implication “(i) implies (ii)” is trivial. However the converse is not true for
arbitrary homogeneous Riemannian manifolds as the following example illustrates.
Example 3.1. The universal cover G˜ of SL(2,R) is diffeomorphic to R3. For a generic
left-invariant metric g on G˜, the identity component of the full isometry is just G˜ itself.
Thus (G˜, g) satisfies (ii) but not (i).
SL(2,R) has Iwasawa decomposition KS with K = SO(2) and S the upper triangular
matrices of determinant one. The Iwasawa decomposition of G˜ is K˜S, where K˜ ≃ R is
the universal cover of SO(2). If g is a left-invariant metric that is also Ad(K˜)-invariant,
then G˜ × K˜ acts almost effectively and isometrically on (G˜, g) and the simply-connected
solvable Lie group S×K˜ acts simply transitively. Thus condition (i) does hold in this case.
As an aside, we note that the left-invariant metrics on G˜ that are also Ad(K˜)-invariant
are precisely the naturally reductive metrics. (See [16].)
Proof of Theorem 3.2. As already noted, the implication (i) implies (ii) is true
even without the G.O. hypothesis. The fact that (iii) implies (i) is trivial, so it remains
to show that (ii) implies (iii).
Let (G/H, g) be a realization of (M,g) as a G.O. space. Let l be a maximal com-
pactly embedded subalgebra of g containing h and let Lev(g) be a semisimple Levi factor
such that (Lev(g),m, l) is a compatible triple as in Definition 2.1. We have the following
decompositions:
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(a) Lev(g) = Lev(g)nc ⊕ Lev(g)c, where Lev(g)nc and Lev(g)c are semisimple of non-
compact type and compact type, respectively.
(b) l = (l ∩ Lev(g)) + (l ∩ Rad(g)) by Definition 2.1.
(c) l∩Lev(g) = k+Lev(g)c, where k is a maximal compactly embedded subalgebra of
Lev(g)nc (by maximality of l).
(d) Lev(g)nc = k+ s, an Iwasawa decomposition.
The assumption that G/H is diffeomorphic to Rn implies that H contains a maximal
compact semisimple subgroup of G. Thus, [l, l] ⊂ h and so l < h+Cg(h) = h+Cm(h) with
Cm(h) abelian. (Here as usual m denotes the orthogonal complement of h with respect to
the Killing form of g.) As in Lemma 2.2, write Cm(h) = C(g)⊕ f where, now, f is abelian.
Lemma 3.2 implies that h + Cm(h) is a compactly embedded subalgebra of g. Thus by
maximality of l, we have
l = h⊕ Cm(h) = h⊕ C(g)⊕ f. (3.3)
We emphasize, again by Lemma 3.2, that adg(X)|m is skew-symmetric for all X ∈ l.
Set
u = s+Nil(g). (3.4)
Claim. g can be written as a vector space direct sum of subalgebras
g = h+ u+ f. (3.5)
To see that the sum on the right hand side of Equation (3.5) is a vector space direct sum,
note that by (b)–(d) and Equation (3.4), we have l∩u = l∩Nil(g). For X ∈ l∩Nil(g), the
operator adg(X) is both semisimple and nilpotent, hence trivial. Thus l ∩Nil(g) = C(g).
Hence l ∩ u = C(g) and so Equation (3.3) implies that (h⊕ f) ∩ u = {0}, as claimed.
We next show that the right hand side of Equation (3.5) exhausts g. By Equation (3.3)
and the fact that C(g) < Nil(g) < u, we have
h+ u+ f = l+ u. (3.6)
Following the proof of Corollary 2.1 and using Equation (3.3), we have
g = h+ Cm(h) + [h,m] = (h+ C(g) + f) + [h,m] = l+ [h,m] (3.7)
and
[h,m] < Lev(g) + Nil(g). (3.8)
By (b)–(d) and Equation (3.4), Lev(g) < l+u. Thus the claim follows from Equations (3.4),
(3.6), (3.7), and (3.8).
We now apply Proposition 2.1(4) with u = s+Nil(g) and v = f to conclude that the Lie
group U × F acts transitively and isometrically on (G/H, g), where U = SNil(G) is the
connected subgroup of G with Lie algebra u and where F acts by right translations. The
fact that h∩ (u+ f) is trivial implies that the isotropy subgroup of U ×F is discrete. Since
M is simply-connected, we conclude that the isotropy group is trivial, i.e., the action is
simply transitive. Simple-connectivity also implies that S ∩ Nil(G) is trivial. Moreover,
by Proposition 3.1, Lev(g)nc and hence s commutes with Rad(g). Thus U is a Lie group
direct product of U = S×Nil(G). Setting N = Nil(G)×F , we thus have U ×F = S×N .
Recalling that f and hence F is abelian, we see that N is nilpotent. As in Theorem 3.1,
N has step size at most two.
Theorem 3.3. Assume that (M,g) satisfies the equivalent conditions of Theorem 3.2.
Then (M,g) is isometric to one of the following:
(1) a Riemannian symmetric space of non-compact type;
(2) a simply-connected Riemannian G.O. nilmanifold (N,h) (necessarily of step size
at most 2);
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(3) the total space of a Riemannian submersion pi :M → P with totally geodesic fibers,
where the base is a Riemannian symmetric space of noncompact type and the fibers
are isometric to a simply-connected Riemannian G.O. nilmanifold.
Proof of Theorem 3.3. In the proof of Theorem 3.2, we started with an arbitrary
realization (G/H, g) of (M,g) as a G.O. space. We now assume that G is the identity
component of the full isometry group of (M,g) and continue to use the notation of the
proof of Theorem 3.2. We must now have f = 0 since, otherwise, Proposition 2.1 would give
us a larger isometry group. Consequently, the maximal compactly embedded subalgebra l
in the proof satisfies
k+ Lev(g)c < l = h+ C(g) < h+Nil(g) < k+ Lev(g)c +Rad(g) (3.9)
by Equation (3.3) and Equations (a)–(c) in the proof of Theorem 3.2. Moreover, by
Equations (3.4) and (3.5), we have
g = h+ s+Nil(g), (3.10)
vector space direct sum.
First consider the case that G is semisimple, i.e., G = Lev(G). By Equation (3.9) and
the fact that C(g) = 0 in this case, we see that h is a maximal compactly embedded
subalgebra of g. Consequently, (G/H, g) must be a symmetric case of noncompact type.
This is case (1) of the theorem.
Next consider the case that Lev(G)nc is trivial. Then S is trivial, so Theorem 3.2
immediately tells us that (M,g) is isometric to a G.O. nilmanifold, giving us case (2).
We now consider the general case. Let Q = Nil(G)H. By Lemma 3.3, Q/H is a totally
geodesic submanifold of G/H and is a G.O. manifold. Nil(G) acts simply transitively on
Q/H, so Q/H ≃ (Nil(G), h) where h is the left-invariant metric on Nil(G) induced by g.
By Equations/Inequalities (3.9) and (3.10), the Lie algebra q of Q must be given by
q = k+ Lev(g)c +Rad(g) (3.11)
(Indeed, q is contained in the right hand side by Equation (3.9); it must exhaust the right
hand side by Equation (3.10).)
Since Q is a closed subgroup of G, the quotient G/Q is a manifold and we have a
submersion G→ G/Q. Since H < Q, we get an induced submersion
pi : G/H → G/Q.
By Equation (3.11), we can identify G/Q with Lev(G)nc/K, where K is the connected
subgroup of Lev(G)nc with Lie algebra k. Under the identification of G/H with M , we
thus have a submersion
pi :M → Lev(G)nc/K.
The metric induced on the base by the metric g on M is left Lev(G)nc-invariant and thus
the base is a symmetric space of noncompact type. The fibers are isometric to Q/H with
the induced metric and thus to (Nil(G), h). They are totally geodesic by Lemma 3.3.
It remains to be shown that pi is a Riemannian submersion. Letting p be the orthogonal
complement to k in Lev(g)nc relative to the Killing form of Lev(g)nc (which is the same
as the restriction to Lev(g)nc of the Killing form of g), then Lev(g)nc = k+ p is a Cartan
decomposition of Lev(g)nc. The orthogonal complement m of h in g satisfies m = p+Nil(g).
Since k < l, the proof of Theorem 3.2 shows that adg(X)|m is skew-symmetric for all X ∈ k.
By Proposition 3.1, [k,Nil(g)] = 0. Since [k, p] = p, it follows that p ⊥ Nil(g) and thus
that pi is a Riemannian submersion.
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Remark 3.4. In the statement of Theorem 3.2, the metric on S×N need not be a product
metric, and the induced metric on S need not be symmetric. We only have that S is a
global section of the submersion in Theorem 3.3 and N is isometric to the fiber. As such,
S is diffeomorphic to the base but the induced metric on S is in general not isometric to
that of the base.
To illustrate this, let us consider the naturally reductive manifold in Example 3.1, where
the universal cover ˜SL(2,R) of SL(2,R) is supplied with a left-invariant and Ad(K˜)-
invariant Riemannian metric g and the group S˜L(2,R) × K˜ acts transitively and almost
effectively. In the language of the proof of Theorem 3.2, K˜ plays the role of F while Nil(G)
is trivial, and so N = F = K˜. We will henceforth refer to the second factor of S˜L(2,R)×K˜
as F , while keeping in mind that it is a copy of K˜. There are two ways to see that the
Riemannian metric is not the product of the symmetric space metric (i.e., the hyperbolic
metric) on the Iwasawa group S and the Euclidean metric on the one-dimensional group
F ≃ R. If it were the product metric, then the identity component of the full isometry
group would be PSL(2,R)×F , whereas the identify component of the full isometry group
of the metric in Example 3.1 is (S˜L(2,R) × F )/D, where the effective kernel D is the
discrete center of S˜L(2,R) diagonally embedded in K˜×F < S˜L(2,R)×F . To understand
the metric more directly, let sl(2,R) = k+ p be the Cartan decomposition. The isotropy
subalgebra h of the full isometry algebra sl(2,R) ⊕ f is a diagonally embedded copy of k
(recall that f ≃ k). The metric is naturally reductive with respect to the decomposition
h+m, where m = p⊕f. We do have p ⊥ f, but m is identified with the tangent space only at
the basepoint. Now consider the metric induced on the simply-transitive group S×F . For
X ∈ s, write X = Xh + (Xp +Xf), decomposition of X with respect to the decomposition
h + m = h + (p + f) of the full isometry algebra. Observe that for those elements X ∈ s
that do not lie in p, the component Xf is non-trivial. Thus s is not orthogonal to f and
the induced metric on S is not the hyperbolic one.
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